A detailed study of the propagation of an arbitrary nondiffracting beam whose disturbance in the plane z ϭ 0 is modulated by a Gaussian envelope is presented. We call such a field a Helmholtz-Gauss (HzG) beam. A simple closed-form expression for the paraxial propagation of the HzG beams is written as the product of three factors: a complex amplitude depending on the z coordinate only, a Gaussian beam, and a complex scaled version of the transverse shape of the nondiffracting beam. The general expression for the angular spectrum of the HzG beams is also derived. We introduce for the first time closed-form expressions for the Mathieu-Gauss beams in elliptic coordinates and for the parabolic Gauss beams in parabolic coordinates. The properties of the considered beams are studied both analytically and numerically.
INTRODUCTION
Nondiffracting beams have attracted attention ever since Durnin et al. 1, 2 first reported the generation of the Bessel beams in 1987. In their original papers, Bessel beams were obtained as solutions to the homogeneous scalar wave equation expressed in circular cylindrical coordinates. Thereafter, several exact nondiffracting solutions of the wave equation have also been reported, for instance Mathieu beams in elliptic coordinates [3] [4] [5] and parabolic beams in parabolic coordinates. 6 The transverse intensity distribution of these ideal nondiffracting beams remains unchanged in free-space propagation.
Ideal nondiffracting beams have an infinite extent and energy, and thus they are not physically realizable. In view of this, some papers have been devoted to describing modified versions of Bessel beams, which carry finite energy and may be said to be nearly nondiffracting because they can propagate over a large range without significant divergence. In particular, Gori et al. 7 introduced in 1987 the Bessel-Gauss (BG) beams, i.e., Bessel beams apodized by a Gaussian transmittance, which carry a finite power and can be realized experimentally to a very good approximation.
The original BG beams have been generalized in a number of ways; for instance, Li et al. 8 studied the behavior of Bessel beams modulated by flat-topped Gaussian functions and suggested that beams with different transverse shapes and nondiffractinglike features can be expressed as a series of conventional BG beams of different orders. Kiselev 9 applied the separation-of-variables method to find a general expression for describing the propagation of a Gaussian beam whose amplitude is multiplied at a given plane by a function that is a solution of the two-dimensional Helmholtz equation. BG beams are thus a special case of the Kiselev solutions.
In this paper we present a rigorous and detailed study of the propagation of an arbitrary nondiffracting beam whose disturbance in the plane z ϭ 0 is modulated by a Gaussian envelope. Because nondiffracting beams are solutions of the Helmholtz equation, we call such a field a Helmholtz-Gauss (HzG) beam. We derive a simple closed-form expression for the propagation of the HzG beams that can be written as the product of three factors: a complex amplitude depending on the z coordinate only, a Gaussian beam, and a complex scaled version of the transverse shape of the nondiffracting beam. Unlike ideal nondiffracting beams, HzG beams carry finite power and can be realized experimentally to a very good approximation. BG beams are a special case of HzG beams.
The general expression for the angular spectrum of the HzG beams is derived, and their properties discussed. We found that the angular spectrum of the HzG beam is represented by an annular ring in the frequency space. While the mean radius of the ring is defined exclusively by the transverse structure of the ideal nondiffracting beam, the width of the annulus is specified by the Gaussian envelope only.
We introduce for the first time closed-form expressions for the Mathieu-Gauss (MG) beams in elliptic coordinates and for the parabolic Gauss (PG) beams in parabolic coordinates. The behavior of the considered beams on propagation is studied both analytically and numerically. This work extends and consolidates the previous descriptions and generalizations of nondiffracting optical beams.
HELMHOLTZ-GAUSS BEAM
Let us suppose that a monochromatic wave U(r) with time dependence exp(Ϫit) has a disturbance across the plane z ϭ 0 given by
where r t ϭ (x, y) ϭ (r, ) denotes the transverse coordinates, W(r t ; k t ) is the transverse pattern of an ideal nondiffracting beam W(r t ; k t )exp(ik z z), and w 0 is the waist size of a Gaussian envelope. The transverse (k t ) and longitudinal (k z ) components of the wave vector k satisfy the relation
The transverse distribution W(r t ; k t ) of the ideal nondiffracting beam fulfills the two-dimensional Helmholtz equation
and can be expressed as a superposition of plane waves whose transverse wave numbers k t are restricted to a single value, that is,
where A( ) is the angular spectrum of the ideal nondiffracting beam. This angular spectrum is located on a single ring of radius ϭ k t in the frequency space. The HzG field U(r) can be determined in terms of its value U 0 (r t ) at z ϭ 0. By using the fact that nondiffracting beams can be expanded in terms of plane waves, we demonstrate in Appendix A that U(r) is given by
where GB(r) is the fundamental Gaussian beam
and
with z R ϭ kw 0 2 /2 being the usual Rayleigh range of a Gaussian beam.
10 Equation (4) is a solution of the homogeneous Helmholtz equation under the paraxial regime throughout the whole space and reduces to Eq. (1) when it is evaluated in the plane z ϭ 0. One thus notices that the propagation of a HzG beam gives rise to distinct longitudinal amplitude and aspheric phase factors.
While the arguments of the function W at the plane z ϭ 0 are real, outside this plane they become complex i.e., x ϭ x/ and ȳ ϭ y/, with the result that the initial shape defined by W may change its form dramatically on propagation. It is also worth noting that the function W(x , ȳ ; k t ) still satisfies the two-dimensional Helmholtz equation
and admits the following integral representation:
The angular spectrum of a HzG beam across a plane parallel to the (x, y) plane at a distance z from the origin is given by the two-dimensional Fourier transform
where (u, v) are the Cartesian coordinates in the frequency space and the double integral is carried out over the whole plane (x, y). By substituting Eq. (4) into Eq. (9), we show in Appendix B that the spectrum of the HzG beam is given by
where ϭ (u 2 ϩ v 2 ) 1/2 and (11) is a complex amplitude factor that depends on z only.
PROPAGATION PROPERTIES OF HELMHOLTZ-GAUSS BEAMS
We will now discuss the general propagation properties of the HzG beam and its angular spectrum.
A. Helmholtz-Gauss Beam Behavior
From Eq. (4), it is straightforward to verify that when w 0 → ϱ, the HzG beam becomes
which is indeed the equation of an ideal nondiffracting beam with the longitudinal wave vector k z expressed in the paraxial approximation k Ϫ k t 2 /2k. On the other hand, from Eq. (8), we see that when k t tends to zero, the function W becomes a constant and consequently the HzG beam reduces to a pure Gaussian beam.
Following the physical picture used by Gori et al. 7 to gain a basic understanding of the propagation features of the BG beams, one may imagine that a HzG beam is formed as a coherent superposition of fundamental Gaussian beams that have their waist planes coincident with the plane z ϭ 0, whose mean propagation axes lie on the surface of a cone with a half-aperture angle 0 ϭ arcsin(k t /k) Ϸ k t /k and whose amplitudes are modulated angularly by the function A( ). The propagation characteristics are thereby governed by the spreading of the beam due to the conical propagation and the diffraction of the constituent Gaussian beams whose diffraction angle is G ϭ 2/kw 0 . 10 The parameter
plays an important role in the propagation of the HzG beams. When ␥ ӷ 1, a significant superposition of all the constituent Gaussian beams will survive up to a distance
This is a conservative estimate because the spot size of the Gaussian beams actually increases along the propagation axis. For ␥ ӷ 1 the HzG beam retains the nondiffracting propagation properties of the ideal nondiffracting beam within the range z ͓Ϫz max , z max ͔. Outside this zone, the HzG beam will diverge and acquire wave-front curvature, forming a ring-shaped far-field pattern with mean radius z tan 0 , an angular variation given approximately by A( ), and leaving the central region near the z axis practically obscure. The case ␥ Ӷ 1 occurs when t ϭ (2/k t ) ӷ w 0 ; thus the outer radial oscillations of the function W at the plane z ϭ 0 are strongly damped, leaving only a Gaussian-like spot that is angularly modulated by the azimuthal dependence of the ideal nondiffracting beam. The case ␥ ϳ 1 corresponds to the transition zone between the Gaussianlike behavior (␥ Ӷ 1) and the nondiffractinglike behavior (␥ ӷ 1).
B. Axial Irradiance Distribution
By setting r ϭ 0 in Eq. (4), we can obtain the normalized axial irradiance distribution
2 of the HzG beams, namely,
where z ϭ z/z R is the normalized propagation distance. Equation (15) can be applied only to beams for which the field at the origin does not vanish. The irradiance distribution as a function of z is depicted in Fig. 1 for ␥ ϭ 1,3,...,15. For each curve, the vertical dashed line is located at the maximum distance z max ϭ (2k/k t 2 )␥ [see Eq. (14)], for which the axial irradiance assumes the value
Note that the axial irradiance of the HzG beams is a monotonically decreasing function of the propagation distance z, and consequently it does not present axial irradiance oscillations, as occurs for apertured ideal nondiffracting beams.
1,8
C. Angular Spectrum Behavior
The angular spectrum of the HzG beams also exhibits an interesting dependence on the parameter ␥. In Appendix B, we show that the angular spectrum [Eq. (10)] comes from the azimuthal superposition of waves whose radial dependence can be written in the form
[see Eq. (B4)]. The amplitude of the last expression is given by
which is identified as a Gaussian function whose maximum is shifted a distance k t from ϭ 0 and whose halfwidth is 2/w 0 . It is clear that for ␥ ӷ 1 the angular spectrum of the HzG beam is represented by an annular ring in the frequency space. The mean radius of the ring is k t , and consequently it is defined exclusively by the function W associated with the ideal nondiffracting beam.
On the other hand, the width of the ring is 4/w 0 ; it is thus defined by only the Gaussian envelope. It is instructive to see that a scaling of the transverse dimensions of the nondiffracting beam W changes only the middle radius of the ring, whereas its width remains unchanged. When w 0 → ϱ, the HzG can be approximated by an ideal nondiffracting beam, expression (18) tends to a delta function ␦ ( Ϫ k t ), and the angular spectrum becomes a ␦-like ring of radius k t over the plane (u, v) . On the other hand, in the case of HzG beams for which the field at the origin does not vanish, the Gaussian function exp(Ϫr 2 /w 0 2 ) becomes a very narrow impulse function at r ϭ 0 when w 0 → 0, and consequently the HzG beam in the plane z ϭ 0 behaves as a bright point source at the origin, expression (18) tends to a constant, and the power spectrum is practically independent of the radius . Finally, we note from Eq. (10) that the transverse structure of the power spectrum ͉U(u, v; z)͉ 2 remains invariant under propagation, i.e., ͉U(u, v; z)͉ 2 ϭ ͉U(u, v; 0)͉ 2 .
FOUR FAMILIES OF HELMHOLTZ-GAUSS BEAMS
In Section 3, the general propagation properties of the HzG beams were discussed. Particular attention was focused on the behavior of the beam and the angular spectrum. In this section, we investigate the propagation characteristics of the HzG beams corresponding to each fundamental family of ideal nondiffracting beams; they are plane waves in Cartesian coordinates, Bessel beams in circular cylindrical coordinates, 1,2 Mathieu beams in elliptic cylindrical coordinates, [3] [4] [5] and parabolic beams in parabolic cylindrical coordinates. 6 We use the term ''fundamental'' to refer to a family of ideal nondiffracting beams that are eigenmodes of the Helmholtz equation in a cylindrical orthogonal coordinate system. A fundamental family constitutes a basis for expanding any nondiffracting beam with the same transverse spatial frequency k t . As far as we know, the general analytical expressions for the Mathieu-Gauss (MG) beams and parabolic 
Gauss (PG
) beams have not been reported nor have their propagation features been studied in the literature.
A. Cosine Gauss Beams
One of the simplest nondiffracting beams in Cartesian coordinates is the ideal cosine field
resulting from the superposition of two ideal plane waves exp(ik t y)/2 ϩ exp(Ϫik t y)/2. Its angular spectrum is not The angular spectrum of the CG beam is determined directly from Eqs. (10) and (19); after using the identity cos(Ϯix) ϭ cosh(x), we obtain
The amplitude and phase distribution of the angular spectrum is plotted as a function of the normalized spatial frequencies in Figs. 2(f)-2(h) for z ϭ 0.6z max and 1.2z max . The transverse shape of the power spectrum ͉CG(u, v; z)͉ 2 is invariant under propagation. As expected, the angular spectrum of the CG beam is represented by two Gaussian-like spots placed at (u, v) ϭ (0, Ϯk t ) and whose half-width is 2/w 0 .
B. Bessel-Gauss Beams
The BG beams have been studied elsewhere 7, 8 ; in this subsection, we briefly discuss them for completeness.
Bessel beams are exact nondiffracting solutions of the scalar wave equation in circular cylindrical coordinates. 1, 2 The transverse field of the mth-order Bessel beam reads as
where J m (•) is the mth-order Bessel function. The angular spectrum of the Bessel beams is located on a single ring of radius ϭ k t in the frequency space, and its angular dependence is A() ϰ exp(im). Applying Eq. (4) and also noting that (x/, y/) → (r/, ), we find the expression for the BG beams to be
which is fully equivalent to other expressions for BG beams analyzed previously. [7] [8] [9] The transverse amplitude distribution of a first-order BG beam is shown in Figs. 3(a), 3(b) , and 3(c) for z/z max ϭ 0, 0.6, and 1.2, respectively. For numerical purposes, we chose a waist spot w 0 ϭ 3 mm and the parameter ␥ ϭ 13. Assuming an illumination at wavelength ϭ 632.8 nm produces k t ϭ 8665 m Ϫ1 and z max Ϸ 3.44 m. The propagation of the amplitude and phase profiles along the plane (y, z) are depicted in Fig. 3(d) . These plots were obtained by evaluating Eq. (23) at 201 transverse planes evenly spaced throughout the interval ͓Ϫ1.2z max , 1.2z max ͔. Outside this zone, the BG beam di- verges, forming a ring-shaped pattern with mean radius z tan 0 , where the half-aperture angle is 0 ϭ arcsin(k t /k) ϭ 0.05°.
The angular spectrum of the BG beams is determined directly from Eqs. (10) and (22); after using the identity J m (Ϫix) ϭ (Ϫi) m I m (x), we obtain
where I m (•) is the mth-order modified Bessel function of the first kind.
C. Mathieu-Gauss Beams
Recently, Gutiérrez-Vega et al. [3] [4] [5] demonstrated theoretically and experimentally the existence of the third family of nondiffracting beams resulting from the solution of the wave equation in elliptic cylindrical coordinates. Since the transverse pattern of such beams is described by the Mathieu functions, they were called Mathieu beams. The exact analytical expression for the MG beams of any order has not been reported yet.
The elliptic coordinates (, ) are defined by x ϭ f cosh cos and y ϭ f sinh sin , where ͓0, ϱ) and ͓0, 2) are the radial and angular variables, respectively, and 2f is the interfocal separation. The transverse field of the mth-order even and odd Mathieu beams are written as
where Je m (•) and Jo m (•) are the mth-order even and odd modified Mathieu functions, respectively, and ce m (•) and se m (•) are the mth-order even and odd ordinary Mathieu functions, respectively.
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The parameter q ϭ f 2 k t 2 /4 carries information about the transverse spatial frequency k t and the ellipticity of the coordinate system through f. The angular spectra of the even and odd Mathieu beams lie on a ring of radius ϭ k t in the frequency space, and their angular variations are given by A e ( ) ϰ ce m ( , q) and A o ( ) ϰ se m ( , q), respectively. From Eqs. (4) and (25a), the closed-form expression for the propagation of the mth-order even MG beams is found to be
where in a transverse z plane the complex elliptic variables ( , ) are determined by the relations 27b) with f 0 being the semifocal separation at the waist plane z ϭ 0. Note that, while the elliptic variables ( , ) at the plane z ϭ 0 are real, outside this plane they become complex in order to satisfy the requirement that the Cartesian coordinates (x, y) remain real in the entire space. MG beams of the form (26) constitute a complete family of paraxial fields in the sense that any HzG beam with the same k t can be expressed as a superposition of MG beams with the appropriate weight factors.
The transverse amplitude distribution of a secondorder even MG beam with q ϭ 16 is shown in Figs. 4(a) , 4(b), and 4(c) for z/z max ϭ 0, 0.6, and 1.2, respectively. We chose a waist spot w 0 ϭ 3 mm and a transverse wave number for the Mathieu beam given by k t ϭ 8000 m Ϫ1 . Assuming an illumination at wavelength ϭ 632.8 nm produces ␥ ϭ 12, z max Ϸ 3.72 m, and f 0 ϭ 1 mm. The propagation of the amplitude profiles along the planes ( y, z) and (x, z) is depicted in Fig. 4(d) . These plots were obtained by evaluating Eq. (26) at 101 transverse planes evenly spaced throughout the interval ͓0, 1.2z max ͔. Note the characteristic cone-shaped region where constituent waves superpose to build up the MG beam. The MG beam behaves like a nondiffracting Mathieu beam within the range ͉z͉ р z max .
The angular spectrum of the MG beams is obtained directly from Eqs. (10) and (26); we have The amplitude and phase distributions of the spectrum of the MG 2 e beam are shown in Figs. 4(e)-4(g) as a function of the normalized coordinates (u/k t , v/k t ) for z ϭ 0 and 1.2z max . The transverse shape of the power spectrum ͉MG m e (u, v; z)͉ 2 is invariant under propagation. As expected, for ␥ ϭ 12 the angular spectrum is an azimuthally modulated annular ring with mean radius /k t ϭ 1 and angular dependence approximately given by ce 2 ( , q).
BG beams with azimuthal angular dependence exp(im ) have a phase that rotates circularly around the propagation axis. In a similar way, from the stationary mode solutions described by Eq. (26), it is possible to construct helical Mathieu-Gauss (HMG) beams of the form Ϯ (r; q ϭ 16) at planes z ϭ 0, 0.6z max , and 1.2z max , respectively. The pattern consists of well-defined elliptic confocal rings with a dark elliptic spot on axis. The amplitude and phase distribution of the spectrum of HMG 7 Ϯ (r; q ϭ 16) is shown in Figs. 5(d)-5(f) for z ϭ 0 and z ϭ 1.2z max . The HMG beams presented here could be applied to construct elliptic optical tweezers and atom traps as well to study the transfer of angular momentum to microparticles or atoms.
D. Parabolic Gauss Beams
In a recent paper, Bandres et al. 6 demonstrated theoretically the existence of parabolic beams, which constitute the fourth family of fundamental nondiffracting beams. It was found that the transverse structure of the parabolic beams is described by the parabolic functions, and, contrary to Bessel or Mathieu beams, their eigenvalue is continuous instead of discrete. In this subsection, we introduce for the first time a closed-form expression for the PG beams.
The parabolic cylindrical coordinates (, ) are defined by x ϭ ( 2 Ϫ 2 )/2 and y ϭ , where the variables ranges in ͓0, ϱ) and (Ϫϱ, ϱ). The transverse field of the even and odd parabolic beams is written as 
where ⌫ 1 ϭ ⌫( → (/ͱ, /ͱ) for parabolic coordinates, we find the expression for the even PG beams, PG e (r) to be
The transverse amplitude distribution of an even PG beam with a ϭ 3 is shown in Figs. 6(a), 6(b) , and 6(c) for z/z max ϭ 0, 0.6, and 1.2, respectively. The field exhibits well-defined parabolic nodal lines. We chose a waist size of the Gaussian modulation given by w 0 ϭ 2 mm and the parameter ␥ ϭ 10. Assuming an illumination at wavelength ϭ 632.8 nm produces k t ϭ 10,000 m Ϫ1 and z max Ϸ 1.98 m. The propagation of the amplitude profile along the plane (x, z) is depicted in Fig. 6(d) . This plot was obtained by evaluating Eq. (32) at 101 transverse planes evenly spaced throughout the interval ͓0, 1.2z max ͔. PG beams of the form (32) constitute a complete family of paraxial fields in the sense that any HzG beam with the same k t and w 0 can be expressed as a superposition of PG beams with the appropriate weight factors.
The angular spectrum of the PG beams is obtained directly from Eqs. (10) and (31a); we have
where the parabolic coordinates ( , ) in the frequency space are given by u ϭ ( 2 Ϫ 2 )/2 and v ϭ . The amplitude and phase distributions of the spectrum of the PG e (r) beam are shown in Figs. 6(e)-6(g) as a function of the normalized coordinates (u/k t , v/k t ) for z ϭ 0 and 1.2z max . As expected, for ␥ ϭ 10 the pattern of the spectrum is a ring with mean radius /k t ϭ 1 and angular dependence approximately given by A e ( ). From the stationary beam solutions described by Eqs. (32), it is possible to construct traveling PG (TPG) solutions of the form
whose associated spectra are A Ϯ ( ; a) ϭ A e ( ; a) Ϯ iA o ( ; a), in which the sign defines the traveling di- rection. In Figs. 7(a)-7(c) , we show the transverse magnitudes and phases of the traveling TPG ϩ (r; a ϭ 3) at planes z ϭ 0, 0.6z max , and 1.2z max , respectively. The pattern consists of well-defined confocal parabolas opening along the positive x axis. The amplitude and phase distribution of the spectrum of TPG ϩ (r; a ϭ 3) is shown in Figs. 7(d)-7(f) for z ϭ 0 and z ϭ 1.2z max . The traveling-wave feature can be observed in the gradient of their phase structure.
CONCLUSIONS
A detailed analysis of the propagation of an arbitrary nondiffracting beam whose disturbance in the plane z ϭ 0 is modulated by a Gaussian envelope has been presented. We have found that the propagation through the whole space can be described by a simple and elegant closedform expression composed of an amplitude factor depending on the z coordinate, a Gaussian beam, and a scaled version of the transverse shape of the ideal nondiffracting beam. Independently of the transverse shape of the ideal nondiffracting beam, our analysis revealed the existence of general features of the Helmholtz-Gauss (HzG) beams; for instance, the finite region where the beam exhibits a nondiffracting behavior, the doughnutlike far-field pattern, and the annular distribution of the angular spectrum. The transverse structure of the power spectrum remains invariant under propagation.
Closed-form expressions for the four families of HzG beams have been derived. In particular, we have discussed analytically and numerically for the first time the propagation properties of the Mathieu-Gauss beams in elliptic coordinates and the parabolic Gauss beams in parabolic coordinates.
APPENDIX A: DERIVATION OF THE HELMHOLTZ-GAUSS BEAM
While Gori et al. 7 and Li et al. 8 derived the BG beam solutions from the Kirchhoff-Huygens field integral under the Fresnel approximation starting from the disturbance at plane z ϭ 0, Kiselev 9 applied the separation-ofvariables technique to generalize the BG solutions. In this appendix, we follow a different approach to derive the analytical expression for a general HzG beam.
Ideal monochromatic nondiffracting beams can be obtained as a suitable superposition of plane waves whose transverse wave numbers k t are restricted to a single value [see Eq. 
where (z), P(z), and q(z) are functions to be determined. In assuming a solution of the form (A4), we are allowing for the possibility that the amplitude and the phase of the plane wave can vary with distance of propagation. Substitution of Eq. (A4) into the paraxial wave equation (A3) yields three equations
Integrating Eq. (A5a), we obtain
where q 0 is a constant. Then Eq. (A5b) can be solved:
where 0 is a constant. If we substitute and q into Eq. (A5c), the function P is obtained after integration:
where P 0 is another constant to be determined. The constants q 0 , 0 , and P 0 are determined by the requirement that u(r), given by Eq. (A4) for z ϭ 0, reduce to the boundary condition (A1), with the result that
where z R ϭ kw 0 2 /2 is the Rayleigh range of the Gaussian beam. It then follows that
͑z͒ ϭ iq/z R ϭ 1 ϩ iz/z R ,
